Quantum squeezing in mechanical systems is not only a key signature of macroscopic quantum effects, but can also be utilized to advance the metrology of weak forces. Here we show that strong mechanical squeezing in the steady state can be generated in an optomechanical system with mechanical nonlinearity and red-detuned monochromatic driving on the cavity mode. The squeezing is achieved as the joint effect of nonlinearity-induced parametric amplification and cavity cooling, and is robust against thermal fluctuations of the mechanical mode. Introduction.-Enormous progress has been achieved in the field of cavity optomechanics in the past few years [1] . Examples include the preparation of mechanical modes to their quantum ground state, the demonstration of strong optomechanical coupling in the microwave and optical regimes, and the coherent state conversion between cavity and mechanical modes [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . Given these technological advances, the effective quantum manipulation of mechanical modes becomes a promising goal.
Introduction.-Enormous progress has been achieved in the field of cavity optomechanics in the past few years [1] . Examples include the preparation of mechanical modes to their quantum ground state, the demonstration of strong optomechanical coupling in the microwave and optical regimes, and the coherent state conversion between cavity and mechanical modes [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . Given these technological advances, the effective quantum manipulation of mechanical modes becomes a promising goal.
Quantum squeezing of mechanical modes is one of the key macroscopic quantum effects that can be utilized to study the quantum-to-classical transition and to improve the precision of quantum measurements [12] [13] [14] [15] [16] [17] . Thermal squeezing of mechanical modes using parametric processes and measurement-based ideas has been demonstrated in recent experiments [18] [19] [20] [21] . In simple schemes using parametric amplification, squeezing is limited by the so-called 3 dB limit -quantum noise cannot be reduced below half of the standard quantum limit -due to the instability of the mechanical systems [22] . In recent years, a number of schemes have been proposed to generate mechanical squeezing that can go beyond the 3 dB limit, including methods based on parametric processes, measurement-and feedback-based schemes, as well as approaches utilizing the concept of quantum reservoir engineering [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . However, quantum squeezing of mechanical modes has not been observed experimentally.
Here we present a method to generate strong steadystate mechanical squeezing in an optomechanical system via mechanical nonlinearity and cavity cooling. The mechanical nonlinearity required in this scheme is achieved by coupling the mechanical mode to an ancilla system, such as an external electrode or a qubit, and its magnitude far exceeds that of the intrinsic mechanical nonlinearity [42, 43] . The driving on the cavity is a reddetuned monochromatic source which generates strong optomechanical coupling between the cavity and the mechanical modes and greatly reduces the thermal fluctuations of the mechanical mode. This driving, when combined with the nonlinearity of the mechanical mode, also induces a parametric-amplification process which plays a key role in generating squeezing. We find that near an optimal detuning point, strong squeezing well below the standard quantum limit can be reached even at high temperatures. Meanwhile, the cooling process also serves to protect the system from instability. Compared with previous works, our proposal only requires one driving source on the cavity and is robust against thermal fluctuations. The parametric-amplification process induces a huge increase in the effective mechanical frequency which strongly suppresses the quantum backaction noise. Our proposal could help the generation of strong quantum squeezing in mechanical systems.
System.-Consider an optomechanical system with the Hamiltonian ( = 1)
where a (a † ) and b (b † ) are the annihilation (creation) operators of the cavity mode and the mechanical mode, respectively. The Hamiltonian of the cavity mode (with frequency ω a ) can be written as H c = δ a a † a + Ω d (a † + a) in the rotating frame of a monochromatic driving with detuning δ a and driving amplitude Ω d . The Hamiltonian of the mechanical mode
(with mechanical frequency ω m ) contains a Duffing nonlinear term with amplitude η. The third term in Eq. (1) describes the radiation pressure interaction between the cavity and mechanical modes with coupling strength g 0 [44] . For mechanical modes in the sub-gigahertz range, the intrinsic nonlinearity is usually very weak with nonlinear amplitude smaller than 10 −15 ω m [42] . A strong nonlinearity can be produced by coupling the mechanical mode to an ancilla system [45] [46] [47] [48] . For example, by coupling the mechanical mode to a qubit, a nonlinear amplitude of η = 10 −4 ω m can be obtained [49] . Other approaches can also be applied to enhance the nonlinearity, such as by softening the mechanical mode [33, 50] . Note that nonlinearity in other forms, such as the cubic potential η(b + b † ) 3 , can also be utilized to implement our proposal (see Supplementary Materials [51] ).
The dissipation caused by the system-bath coupling can be described by the Lindblad superoperators κD[a]ρ (cavity damping) and γ(n th + 1)
, κ and γ are the cavity and mechanical damping rates, respectively, andn th is the thermal phonon number of the mechanical mode.
Using a standard linearization procedure, we derive the steady-state displacements α of the cavity and β of the mechanical mode by solving the following equations:
where we have dropped γ-dependent terms for γ ≪ κ, η. With (moderately) strong driving on the cavity mode, the amplitudes satisfy |α|, β ≫ 1, as shown in Fig. 1(a) . At a driving power of P = 0.1 mW, we have |α| ≈ 10 3 and β ≈ 40. These large amplitudes are consistent with our assumptions for the linearization, where the higherorder terms induced by the radiation-pressure interaction and the Duffing nonlinearity can be neglected [51] . The system is hence dominated by the effective Hamiltonian
with ∆ a = δ a −2g 0 β,ω m = ω m +2Λ, Λ = 3η(4β 2 +1), and G = g 0 α. Here we assume α to be a real value for convenience of discussion. This Hamiltonian only contains linear and bilinear terms. The third term in Eq. (3) describes a parametric-amplification process induced by the Duffing nonlinearity and plays a key role in the squeezing generation. The last term in Eq. (3) describes an effective optomechanical coupling that causes cooling and heating of the mechanical mode [52] [53] [54] [55] [56] . The master equation can then be written aṡ
Note that the operators a and b in Eqs. (3, 4) are now defined relative to the steady-state displacements α and β. Parametric-amplification processes can induce instability. Applying the Routh-Hurwitz criterion [57] , we derive the stability condition for this system as 16G
2 < (ω m + 4Λ)(4∆ a + κ 2 /∆ a ) for red-detuned driving (∆ a > 0) [51] , which is satisfied in all relevant parameter regimes in our approach. Interestingly, at the optimal detuning point for generating squeezing (see below), this condition can be simplified to g 0 < √ 27ω m η, independent of the driving power P . Meanwhile, our parameter regimes are well separated from the bistability threshold of the Duffing oscillator. Squeezing.-We apply a squeezing transformation
to the above system with squeezing parameter r = (1/4) ln(1 + 4Λ/ω m ) [34] . The Hamiltonian is transformed to H ′ eff = S † (r)H eff S(r) with
where ω ′ m = ω m 1 + 4Λ/ω m is the transformed mechanical frequency and G ′ = G(1 + 4Λ/ω m ) −1/4 is the transformed optomechanical coupling. In Fig. 1(b) , we plot ω ′ m and G ′ as functions of the driving power P , both of which increase monotonically with P . At a driving power P = 0.1 mW, we have ω wheren ′ eff is the steady-state average phonon number of the transformed system and is governed by the cooling process. The best cooling in the transformed system can be reached at the optimal detuning point ∆ a = ω ′ m . Hence Eq. (7) shows that at a given driving power (given r and Λ), squeezing will be strongest at the optimal detuning point. This is clearly illustrated by the dashed contour in Fig. 2 . For comparison, we also plot the contour of the 3 dB limit where δX 2 ss = 1/4. In Fig. 3(a) , we plot δX 2 ss as a function of the average thermal phonon numbern th . The variance is proportional ton th with a slope that decreases with the driving power. This can be explained by Eq. (7) where the variance increases with the effective phonon numbern ′ eff which is proportional ton th . Our result also shows that as the driving power reaches a threshold value, squeezing exceeding 3 dB can be reached. Even at a high temperature withn th ∼ 10 4 , strong steady-state squeezing can still be achieved by increasing the driving power. The dependence of the variance on the driving power is shown in Fig. 3(b) , where squeezing becomes stronger as the driving power increases.
Cooling limit.-To better understand mechanical squeezing, we study limiting cases that have analytical solutions. First, consider the limit of
, where a cooling equation for the mechanical mode can be derived from the master equation in the transformed basis by adiabatically eliminating the cavity mode [53] [54] [55] . Let µ ′ = Tr a [ρ ′ ] be the reduced density matrix of the mechanical mode. The cooling equation iṡ
. The steady state of Eq. (8) ss versus P at selectedn th . All plots are at the optimal detuning point. Other parameters are the same as in Fig. 1 . The shadowed blue bottom region corresponds to squeezing beyond the 3 dB limit. The solid curves (circles) correspond to exact numerical solutions (analytical solution in the strong-coupling limit).
cooling rate. At the optimal detuning point ∆ a = ω
, and optimal cooling can be achieved. The density matrix of the mechanical mode in the original basis µ = Sµ ′ S † is hence a squeezed thermal state. The variance of the squeezed mechanical quadrature depends on the squeezing parameter r and the cooling rate Γ, both of which are determined by the driving power.
Strong-coupling limit.-Next, we consider the strongcoupling limit with κ ≪ G ′ ≪ ω ′ m . In this limit, by omitting the counter-rotating terms (ab + a † b † ) in the optomechanical coupling, we can derive the analytical solution for squeezing. At optimal detuning, we obtain 
with a cooling rate
. The contribution of the thermal noise in δX 2 ss is reduced by a factor γ/2Γ sc due to cavity cooling. At zero temperature and ultra-strong driving (when e −2r ≪ 1), the squeezing will be ultimately limited by δX 2 ss = γ/(γ + 4Γ sc ), which can be approximated as δX 2 ss ≈ γ/4κ. For a typical optomechanical system with γ ≪ κ, this indicates a strong squeezing well below the standard quantum limit. The result from this analytical solution is shown in Fig. 3 . It can be seen that the result agrees well with that of exact numerical solutions.
Detection of squeezing.-To detect squeezing in the mechanical mode, one can apply a probe pulse at the red-detuned frequency ω p = ω a − ω m with an amplitude much weaker than that of the driving source. This pulse induces the up-conversion of mechanical phonons to cavity photons, and generates a cavity output that directly bears a signature of the quadrature fluctuations of the mechanical mode. A homodyne detection of the cavity output can then be conducted to characterize the mechanical state. Note that the frequency of this probe pulse is well separated from that of the driving source.
Conclusions.-To conclude, we presented a method to generate steady-state mechanical squeezing that is robust against thermal fluctuations. Our approach utilizes mechanical nonlinearity and strong driving on the cavity mode in an optomechanical system. The mechanical squeezing is a consequence of the joint effect of the nonlinearity-induced parametric amplification and cavity cooling. We showed that strong squeezing can be achieved at the optimal detuning point where the cavity detuning is in resonance with the transformed mechanical frequency. We studied the dependence of the generated squeezing on the thermal noise and the driving power. Analytical solutions in two limiting cases are derived. In a wide range of driving power and thermal phonon number, squeezing well below the standard quantum limit can be achieved.
